Abstract. We study the scaling with the number of colors N c of the weak amplitudes mediating kaon mixing and decay, in the limit of light charm masses (m u = m d = m s = m c ). The amplitudes are extracted directly on the lattice for N c = 3 − 7 (with preliminar results for N c = 8 and 17) using twisted mass QCD. It is shown that the (sub-leading) 1/N c corrections toB K are small and that the naive N c → ∞ limit,B K = 3/4, seems to be recovered. On the other hand, the O (1/N c ) corrections in K → ππ amplitudes (derived from K → π matrix elements) are large and fully anti-correlated in the I = 0 and I = 2 channels. This may have some implications for the understanding of the ∆I = 1/2 rule.
Introduction
The prediction of flavour violating processes involving kaons remains elusive. In particular, there is still no satisfactory explanation of the striking ∆I = 1/2 "rule" for which ∆I = 1/2 decays of a kaon into two pions dominate over ∆I = 3/2 decays (see, however, Refs. [1, 2] ), nor a reliable prediction of the parameter that controls direct vs. indirect CP-violation in kaon mixing, / [3] . Few attempts have been made at these difficult observables, and the systematic uncertainties in the existing results remain large. At the same time, however, a rather precise determination of the related K −K mixing amplitude (given byB K ) has emerged [4] [5] [6] [7] [8] [9] .
In [1] , the results of the most ambitious lattice computation of K → ππ to date were presented, and a significant ∆I = 1/2 dominance was observed. It was noted that the ∆I = 1/2 rule seems to be originating in an approximate cancellation of the two diagrams (color connected, C, and color disconnected, D) contributing to the ∆I = 3/2 amplitude. Roughly speaking, the relative weight of ∆I = 1/2 K → ππ decays with respect to ∆I = 3/2 ones is governed by the ratio (|C| + |D|)/(|C| − |D|). As in Ref. [1] and in its update [2] it was found |C| ∼ 0.8|D|, a significant enhancement of this ratio was observed at the non-perturbative level. This result, combined with the known perturbative enhancement of the ratio due to Wilson coefficients connecting short-and long-distance QCD matrix elements [10, 11] , would then explain the ∆I = 1/2 rule. Unfortunately, it is not possible to isolate these two contributions physically, so it is not clear what to extract from this finding. In the large N c expansion [12] , however, this is possible since the leading scaling in N c of the contributions is different.
The cancellation can therefore be phrased in terms of the sign and size of the 1/N c corrections in the isospin amplitudes. In fact, it was in the context of phenomenological approaches using the large N c expansion where the opposite sign of these contributions was first pointed out [13] . Notice that, at the leading order in the 1/N c expansion, the connected diagram C is expected to be |C| ∼ 1/N c × |D|. The numerical results of Refs. [1, 2] are, therefore, pointing to a possible large deviation of the ratio above from the naive 1/N c expectations. As there is a strong correlation between the ∆I = 3/2 amplitude andB K , this suggest that the same cancellation in the former should be affecting the latter, suggesting a value ofB K significantly smaller than the N c → ∞ value. A study of the issue of deviations from the naïve factorization approximation to K → ππ amplitudes can be found in [14] .
The large N c limit of QCD has been invoked in many phenomenological approaches to this problem (some relevant references are [13, [15] [16] [17] [18] ). This seems counter-intuitive since the strict large N c limit of the ∆I = 1/2 rule fails completely. The predictions therefore rely on significant sub-leading N c effects, a computation that poses formidable difficulties. As a result, these approaches typically involve further approximations beyond the strict large-N c expansion. The goal of Ref. [19] , summarized in this proceeding, was to study from first principles the N c dependence of certain ∆S = 1 and ∆S = 2 amplitudes to check their scaling with the number of colors.
Strategy and simulation details
In order to study the non-perturbative N c dependence of K → ππ amplitudes, we have followed the strategy outlined in Ref. [20] : we have measured K-π and K-K matrix elements mediated by the fourfermion current-current operators on the lattice, varying the number of colors N c between N c = 3 and N c = 7 (some preliminary results for N c = 8 and N c = 17 will be also shown). In the SU(4)-flavour limit 1 , m c = m u = m d = m s , these amplitudes fixB K (up to SU(3) flavour breaking effects by quark masses) and, up to chiral corrections, also the ∆I = 3/2 [23, 24] and ∆I = 1/2 [20, 25] contributions to the non-leptonic kaon decays K → ππ. The weak Hamiltonian that mediates CP-conserving ∆S = 1 transitions, in terms of four-fermion operators at the electroweak scale, µ M W , takes the following simple form in this limit:
where
Only two four-quark operators of dimension six can appear with the correct symmetry properties under the flavour symmetry group SU(4) L × SU(4) R , namelȳ
where J µ is the left-handed current,
, and parentheses around quark bilinears indicate that they are traced over spin and colour. Eventually, Z ± Q (µ) is the renormalisation constant of the bare operator Q ± (x) computed in some regularisation scheme as, for example, the lattice. There are other bilinear operators of lower dimensionality that could mix with those above: however, their contribution vanishes in the SU(4) limit [20] . Notice that this is, indeed, the limit where the cancellation of Ref. [1] can be more clearly isolated.
The operatorsQ σ (µ) are renormalised at a scale µ in some renormalisation scheme, being their µ-dependence exactly cancelled by that of the Wilson coefficients k σ (µ). The renormalisation group invariant (RGI) operators are defined eploiting this fact to eliminate their µ-and scheme-dependence:
where g(µ) is the running coupling and
σ n g 2n are the β-function and the anomalous dimension, respectively. The one-and two-loop coefficients of the β-function, b 0 and b 1 , and the one-loop coefficient of the anomalous dimensions, γ ± 0 , are renormalisation schemeindependent and can be found in Refs. [26] [27] [28] [29] [30] and [10, 11] , respectively. The normalisation ofĉ σ (µ) coincides with the most popular one for N c = 3, whilst using the 't Hooft coupling λ = N c g 2 (µ) in the first factor instead of the usual coupling, so that the large N c limit is well defined.
We can rewrite the Hamiltonian in terms of RGI quantities, which no longer depend on the scale:
where µ is a convenient renormalisation scale for the non-perturbative computation of matrix elements of Q ± , which will be later set to the inverse lattice scale a
measures the running of the renormalised operator between the scales µ and M W . In Table 1 we show the RG running factors needed to compute the renormalised K → π and K →K matrix elements as a function of the number of colors. In the evaluation of theĉ σ (µ) factors we have used the large N c scaling of Λ QCD found in Ref. [31] ,
The values of the normalisation coefficientsĉ ± (a −1 ) and of the running of the renormalised operators from the scale of lattice computations, µ = a −1 , to the scale of the effective theory, M W , have been computed using perturbative results at two loops in the RI scheme [32, 33] . This implies relying on perturbation theory at scales above µ = a −1 ∼ 2 GeV. Table 1 : Perturbative RG running factors. U σ and k σ are computed using the two-loop MS coupling (with Λ MS taken from eq. (5) from ref. [31] ). As specified above, our goal is to compute the K → π amplitudes mediated by H ∆S =1 w . The hadronic contribution is encoded in the ratios of the following matrix elements:
where Z ± R (µ) are the renormalisation factors for the ratios and R ± is the ratio of matrix elements of bare operators. The ratio of the two isospin amplitudes iA 0,2 e iδ 0,2 ≡ (ππ) 0,2 |H W |K 0 (where the subindex refers to the final isospin state) can be related in chiral perturbation theory in the GIM limit to the K → π amplitudes A ± ≡k ±R± [20] as follows:
from which we can see that the large enhancement of the ratio |A 0 /A 2 | ∼ 22 is related, in this limit, to a large value of the ratio of the amplitudes A − /A + (up to chiral corrections). In the SU(3) limit m s = m d = m u , the kaon mixing amplitude given byB K is also related to R + ,B K =
4R
+ (something not true outside of the SU(3) limit, due to large chiral corrections [23, 24] ). The relation between K → ππ and K → π amplitudes, computed up to one loop in ChPT in the leading-log approximation, is:
where F is the decay constant in the chiral limit and A + contains one loop corrections. This shows that, in this approximation, the 1/N c corrections in the physical amplitude are fixed 2 by those in A + . On the lattice, the ratiosR ± are extracted as follows:
We have computed the renormalised ratiosR ± in the quenched approximation. This does not modify the leading large N c result, but it can modify the first sub-leading 1/N c corrections (we plan to address this issue in further studies). We have implemented the required correlation functions in the source code first developed in [38] and further optimized in [39] . The number of colors and the lattice size in the time direction are given in the first two columns of Table 2 . The spatial volume, L/a = 16, is kept fixed in all simulations (but for N c = 17, for which L/a = 12, as in Ref. [40] ). Following [40] the bare coupling, β = 2N c /g 
The coupling β as a function of N c is given in the third column of Table 2 . The gauge action is the standard plaquette action. On the other hand, in order to preserve the multiplicative renormalisation of Q ± , while avoiding the high computational cost of a simulation with exactly chiral lattice fermions, we use a Wilson twisted-mass fermion regularisation [41, 42] . This allows to devise a formulation of valence quarks that not only preserves good renormalisation properties, but also prevents the appearance of linear cutoff effects in a [43] . The full-twist condition amounts to having a vanishing current quark mass m PCAC from the axial Takahashi-Ward identity in so-called twisted quark field variables. The value of am PCAC in our simulations is given in the fourth column of Table 2 , where we can see that the full-twist condition am PCAC = 0, expected from an accurate tuning of the Wilson critical mass (which we again take from [40] ), is satisfied to a varying degree of accuracy; the deviations present are however irrelevant within the precision of our results. The bare quark mass is chosen to provide a pseudoscalar mass not far from the physical kaon mass in all cases (see the fifth column of Table 2 ). 3 × (T/a), with L/a = 16 throughout ( with the only exception of N c = 17, for which L/a = 12). The twisted bare mass is fixed to aµ = 0.02. The lattice spacing is fixed by the string tension: a √ σ 0.2093 [40] . m PCAC is the current mass obtained from the axial TakahashiWard identity in twisted quark field variables. m PS is the meson mass in the SU(3) limit. R ± are our results for the bare ratios given in eq. (9) . Z σ (a −1 ) at one-loop have been extracted from [44, 45] . Eventually, our results for the bare ratios R ± defined in eq. (9), computed in the SU(3) limit, are shown in the sixth and seventh columns of the table. The corresponding renormalisation constants, Z ± , have been computed at one-loop in the RI scheme using the scripts provided in Refs. [44, 45] . Notice that, due to the breaking of chiral symmetry in the adopted regularisation, the axial current requires a finite, N c -dependent, renormalisation constant Z A (taken from the same references), that has to be included in the factors Z ± . The values of Z ± (a −1 ) are given in the two rightmost columns of Table 2 . The results shown for R ± correspond to O(100) measurements at each value of N c , with each measurement taken every 1000 gauge updates. The only exception is the run for N c = 17, for which we have only 17 measurements taken every 100 gauge updates. We have checked, however, that all measurements are fully decorrelated using the techniques of Ref. [46] . Table 3 for two choices of the data points included, together with the corresponding p-values. The third line of the same table shows our result for a quadratic fit to the data. We compare our results with our own evaluation of the predictions of the phenomenological analysis in Ref. [15] , represented by a light red band for N f = 3 and by a blue band for N f = 0. For N f = 3 we use the same values for hadronic masses and decay constants as in [15] , and derive the decay constant for N c 3 by
√ N c /3. For N f = 0 we use as input for the hadronic quantities, including their N c dependence, the interpolating formulae provided in [40] , matched to our measured values of M K . The band represent the difference between setting the matching scale M in eq. (62) of [15] at 0.6 GeV and at 1 GeV; for N f = 0 it also comprises the uncertainty due to our value of M K not being constant within errors as a function of N c . Notice that both theoretical predictions giveB K = 3/4 in the N c → ∞ limit. On the other hand, our data (and the preliminar values for N c = 8 and 17) give a value forB K at N c → ∞ slightly larger than the theoretical expectation. Errors are, however, still too large to draw any conclusion. For example, a significant O(a 2 ) uncertainty for R + can be expected, cf. the O(10%) effect for N c = 3, N f = 2 shown by the data of [47] at a lattice spacing comparable to ours. Table 3 : Fit parameters of A ± assuming a linear (l) or quadratic (q) dependence, and various fit ranges (using only data up to N c = 7, though). The order at which each coefficient enters in the polynomial ansatz in powers of 1/N c is indicated, alongside with the p-value for each fit. From Fig. 1(left) we can see that the sub-leading 1/N c corrections inB K are small (which goes in the direction of the predictions in [15] , but not those in [16] , that correspond to the chiral limit). The smallness of 1/N c corrections inB K is related to the RGI normalization of this quantity,ĉ Table 2 ) is cancelled by the RGI Wilson coefficientk + (see Table 1 ). In contrast, the total K → π amplitudes show very significant sub-leading 1/N c corrections, as shown in Fig. 1(right) . In the Figure we present our data for A ± and the results of a linear (dashed lines) and quadratic (solid lines) fit to the data, obtained using again only data for N c = 3 − 7 (preliminar data for N c = 8 and 17, although not used in the fits, are perfectly compatible with the results obtained for lower values of N c ). The parameters of the linear fit for A + and A − are shown in the fourth and fifth (sixth and seventh) lines of Table 3 , respectively. We can see that A + and A ' are strongly anticorrelated in N c and that their extrapolation at N c → ∞ is in very good agreement with theoretical expectations (for which |A 0 /A 2 | N c →∞ ∼ √ 2). Notice that, in the GIM limit, the chiral logs have been shown to be fully anti-correlated in A ± [48] and therefore an extrapolation to the chiral limit using chiral perturbation theory should not change the anti-correlation found here. Unfortunately, the computation of chiral logs in K → (ππ) I=0 in the GIM limit is not yet available.
Eventually, our results for the combinations 
Our results show that the sub-leading 1/N c effects cancel in the "disconnected" contribution to K → π, whereas they are the only visible corrections in the "connected" one. In particular, it is clear that a relation as the one expected naively in the large N c expansion, |Ĉ| ∼ k/N c ×|D|, holds, with a coefficient k ∼ 1.3 much smaller than what found in Refs. [1, 2] . The source of the huge non-perturbative cancellation between "connected" and "disconnected" contributions seem not to arise from a failure of naive N c scaling, but in some other enhancement of the coefficient k that relates the two amplitudes (for example, large 1/N c corrections could be present at the physical point, m s m d , as suggested by a large chiral log). We have not included any systematic error in these results. There are two obvious sources: finite lattice spacing and the quenched approximation. Although it is impossible to quantify those errors, we do not expect them to be larger that those observed at N c = 3, where they have been studied. The pioneering large-N c study of dynamical QCD in [49] shows that an extension of our work to take into account unquenching effects is feasible.
